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The aim of the present study is to investigate three different techniques for fitting the SLR data observed from the Changchun observatory in China which is
characterized by its huge amount of data points and to examine which of the three techniques is more proper for fitting such kind of data. The first technique is the
interpolation using the Chebyshev polynomial for fitting the total number of satellite laser ranging (SLR) data points. The second technique is the spline technique which
is used for matching continuous intervals for fitting the SLR data. The third technique is the method, which is used at Changchun observatory, known as the Iterative 4"
order polynomial fit. The three techniques are applied to 100 samples; 50 samples for the satellite LAGEOS | and the other 50 samples for the satellite Starlette that were
observed during the first quarter of 2018. From the obtained results, it is found that the first two techniques, namely the Chebyshev polynomial and Spline techniques
provide better standard deviation in comparison to the Iterative 4" order polynomial fit technique that is used at Changchun observatory, with merit to Spline technique

over the Chebyshev polynomial.

Introduction

One of the major challenges when dealing with a large
number of data points is to fit the data with high precision
in order to obtain the best results. The data under study, in
the present work, is the SLR data observed by the Changchun
observatory [1,2]. This data is characterized by its huge
number of data points. The task of the present study is to
apply three different techniques for fitting the Changchun
SLR data to investigate which of the three techniques is more
proper for fitting such kind of data. The first technique is the
interpolation using the Chebyshev polynomial [3] for fitting
the total number of satellite laser ranging data points. The
second technique is the Spline technique [Micula and Micula,
1999] [4] which is used for joining continuous intervals
for fitting the satellite range data. This technique is used to
overcome the accumulation of errors due to a large number of
mathematical operations. The third technique is the method
used at Changchun observatory, namely the Iterative 4™ Order

polynomial fit which is applied on the range residuals (0-C
residual), instead of the range measurement itself. In earlier
studies, both Chebyshev and Spline techniques were examined
on SLR data observed from the Helwan SLR station [5-7]. The
results obtained using these two techniques are also compared
with the results obtained using the technique employed at the
Helwan SLR station [8,9] which uses the least square method
for fitting data [7,10]. The aim of this study is to figure out
the three techniques to know the more proper for fitting the
Changchun-SLR data which is characterized by its very large
number of data points [1]. The obtained results approved
that both techniques are much better than the least square
method with a great advantage of the spline technique over the
Chebyshev polynomial represented by lower polynomial degree
and obtained better standard deviation. Section two presents an
overview of the employed techniques. Section three applies the
three techniques to the Changchun SLR data for both Starlette
and LAGEOS-1 satellites. The results obtained are summarized
as a conclusion in section 4.
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Data fitting techniques

Approximation with chebyshev polynomials: A common
and direct way of data interpolation is to use polynomials and
that refers to its simplest mathematical properties [6,7,10,11].
One of the popular interpolating polynomials is the Chebyshev
polynomial [12]. To use the Chebyshev polynomial, the user
data should be homogeneous, correlated, and transformed to
be within the interval (-1, 1) [6]. Chebyshev polynomial f(x)

of degree n is defined for -1<x<1 by f (x) = cosf where

cos0 = x . It is characterized by its rapid convergence which in

turn reduces the computational time and estimates the upper
bound error more accurately.

In order to reach the best fit, a prepared routine under
FORTRAN is used. According to the software, a comparison
has been done between each two successive resulting standard
deviations in order to get the best fitting. The program starts
by fitting the data using the Chebyshev polynomial of the first
degree (L=1) and computes the Chebyshev coefficients, followed
by the generated polynomial, and the corresponding standard
deviation. The routine continues the same procedure using
higher polynomial degrees and tests in sequence the difference
between the resulting in consecutive standard deviation until
the difference becomes smaller than (5x10-> mm; which is the
proposed value to reach the best fit) [6]. Then, the program
stops. Thus, the reached polynomial and the corresponding
standard deviation are expected to verify the proposed
condition for obtaining the best fitting. That is, the software
is more suitable to determine the degree of the polynomial, in
order to attain the best fitting for more explanation about the
used technique, is presented [6].

Spline technique for matching continuous progressively
intervals

A special form of interpolation is spline interpolation.
Instead of fitting the whole data using a single, high-degree
polynomial, the spline technique allows fitting subsets of the
whole data using lower-degree polynomials. Fitting a large
number of data points, such as Changchun SLR data, using
a high-degree polynomial may suffer from noticeable errors
which may destroy the accuracy of the solution [13-15]. Thus,
using the spline technique to fit this kind of data leads to
avoiding the roundoff errors which arise due to the nature of
approximation [4]. The spline functionis constructed by joining
polynomials together at the endpoints of the intervals [16-18].
Also, for the Spline technique, the Chebyshev polynomial is
used to fit the subintervals using the same routine mentioned
in section 2.1 [16].

Iterative fitting with 4™ order polynomials

In the Changchun SLR system, the normal point data is
generated with the method indicated by ILRS normal point
forming algorithm [19,20]. A fourth-order polynomial curve is
used to fit the O-C or prediction residual (PR) dataset, to make
fit the residual (FR) dataset by subtracting the curve value
from PR. The FR statistics, mean and standard deviation, are
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then calculated. The rejection follows, by tagging data points
as rejected whose FR values are off the mean by more than
2.5 times standard deviation. The fit-and-reject operation is
repeated on the remaining dataset until a given iteration limit,
10 in this case. After 10 iterations, the remaining dataset is
accepted for normal point formation.

Analyzing changchun SLR data

In this section, an analysis for fitting Changchun SLR data
is performed using the three different techniques, for satellites
Starlette and LAGEOS-1.

Fitting SLR data for starlette satellite

The three techniques are applied on 50 passes of satellite
Starlette. As an example, figure 1 represents the whole range
of satellite Starlette, which consists of 85176 data points, with
its best-fitting using the Chebyshev polynomial. This pass of
satellite Starlette was observed on the 4™ of January 2018. The
best-fitting is achieved using the polynomial of 7" degree with
a corresponding standard deviation of 0.07 mm.

Also, the spline technique is used for fitting the SLR data of
satellite Starlette which is divided into nine subintervals each
of them consisting of 9464 data points.

Figure 2 shows the range of the satellite Starlette for nine
subintervals with their best fit. The average polynomial degree
is 3 with an average standard deviation equal to about 1.29x10-
3mm.

On the other hand, the Iterative fitting with 4™ order
polynomial, which is used at Changchun observatory is applied
to the same sample. Figure 3 represents the range residual of
the satellite Starlette for the total number of data points and its
fitting with a polynomial of 4™ degree and standard deviation
of 7.5 mm.

Table 1 represents the polynomial degree and the
corresponding standard deviation obtained by applying

B Range of satellite Starlette
o Best fitting using polynomial of degree 7
1900 1 SD= 0.07mm
1800
1700
1600
E 1500
s
g 1400 -
@ 1300
1200
1100
1000 T T T T
43 44 45 46 47 48
Time of observations UT at 15h+...min

Figure 1: The range of satellite Starlette with its best-fitting using Chebyshev

polynomial for SLR data of satellite Starlette observed at 4/1/2018.
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Figure 2: Best fitting using Spline Technique for SLR data of satellite Starlette observed at 4/1/2018.
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Figure 3: The range residuals of satellite Starlette with its fitting using iterative 4th

order polynomial fit observed at 4/1/2018.

the three techniques on 50 passes of the satellite Starlette
observed during the first quarter of 2018. The first column
represents the serial number. The second column represents
the total number of data points for each pass. The third and
fourth columns represent the polynomial degree and its

corresponding standard deviation obtained using Chebyshev
polynomial for achieving the best fit. Columns five and six
represent the average polynomial degree and corresponding
standard deviation obtained using the Spline technique.
Columns seven and eight represent the polynomial degree
and the corresponding standard deviation obtained using
iterative 4™ order polynomial fit which is used at Changchun
observatory. For comparative purposes, the average of
polynomial degree and standard deviation obtained from the
three techniques are calculated and represented in table 2. The
results obtained show that the Spline technique allows us to
use a lower polynomial degree, in comparison with using the
Chebyshev polynomial for fitting the whole range data and the
iterative 4™ order polynomial fitting for the range residuals
and still provides a better standard deviation.

Fitting SLR data for LAGEOS 1 satellite

The three techniques are applied on 50 passes of satellite
LAGEOS 1. As a representative example, figure 4 represents
the whole range of the satellite LAGEOS-1 which consists of
80128 data points, with its best-fitting using the Chebyshev
polynomial. This pass of satellite LAGEOS-1 was observed on
the 12% of January 2018. The best-fitting is achieved using
the polynomial of 7% degree with a corresponding standard
deviation of 0.19 mm.
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Table 1: Polynomial degree and the corresponding standard deviation obtained by achieving best fit using Chebyshev Polynomial and Spline Technique and Iterative 4" order
polynomial fit for satellite Starlette.

Chebyshev Polynomial Spline Technique Iterative 4th order polynomial Fit

No. of data points

L SD (mm) L SD (mm) L SD (mm)

1 135387 7 10.7 3 0.003 4 9.2
2 93490 6 0.64 4 0.17 4 5.5
3 85176 7 0.07 3 0.001 4 7.5
4 82350 7 9.09 4 0.003 4 9.2
5 75187 6 0.06 3 0.001 4 7.9
6 69822 6 0.11 3 0.003 4 8.1
7 66822 7 0.27 3 0.02 4 7.1
8 63162 6 0.02 3 0.001 4 6.6
9 62993 6 2.86 3 0.01 4 8.1
10 61976 9 5.26 4 0.81 4 9.2
11 58872 5 11.6 3 0.0007 4 7.3
12 53744 9 0.66 4 1.1 4 7.4
13 47595 8 7.56 4 0.04 4 5.4
14 38360 6 0.03 3 0.05 4 7.5
15 37380 4 0.03 3 0.00008 4 8.4
16 34952 8 0.12 4 0.03 4 6.6
17 30897 5 0.89 3 0.004 4 5.1
18 25844 5 0.28 3 0.002 4 9.4
19 24985 5 0.004 3 0.0005 4 5.5
20 23116 7 0.17 4 0.009 4 9.5
21 21846 4 0.003 3 0.0001 4 10.2
22 19075 5 0.02 3 0.003 4 10.5
23 19056 5 0.04 3 0.0004 4 4.9
24 17710 8 0.06 3 0.08 4 9.9
25 17484 5 0.06 3 0.001 4 9.0
26 16113 5 0.04 4 0.0002 4 8.4
27 15258 6 7.49 4 0.001 4 59
28 15063 4 0.09 3 0.0007 4 7.5
29 14147 4 1.04 3 0.00008 4 7.8
30 13595 6 0.02 3 0.006 4 10.1
31 13113 5 2.24 4 0.04 4 8.0
32 12666 6 0.61 3 0.04 4 9.5
33 12632 7 0.13 3 0.0006 4 7.2
34 9345 5 0.23 4 0.04 4 5.8
35 9312 4 0.00007 3 0.00003 4 5.4
36 8968 6 5.42 4 0.02 4 71
37 8216 4 0.003 3 0.0002 4 7.7
38 8184 5 0.0003 3 0.006 4 7.7
39 7588 7 9.07 4 0.07 4 7.5
40 6525 6 0.0007 3 0.003 4 10.6
41 6135 6 1.22 4 0.57 4 7.3
42 5004 4 0.003 3 0.0006 4 9.3
43 4448 5 0.002 3 0.003 4 9.2
44 4368 5 0.24 3 0.02 4 71
45 3588 4 2.43 4 0.0003 4 9.3
46 2292 4 0.0003 3 0.0002 4 8.0
47 2256 4 0.0002 3 0.0001 4 9.5
48 1686 5 0.0001 4 0.0009 4 10.4
49 1617 5 0.19 4 0.0005 4 9.2
50 1052 4 0.06 3 0.006 4 8.9

average 5 1.5 3 0.3 4 7.99

Also, the spline technique is applied. The whole data of the
satellite LAGEOS-1 is divided into eight subintervals, each of
which consists of 10016 data points. Figure 5 shows the range
of satellite LAGEOS-1 for the eight subintervals with their
best fit. The average polynomial degree is 4 with an average
standard deviation equal to about 2.03x103mm.

In addition, the method used at Changchun observatory;

Iterative fitting with 4™ order polynomials, is applied on
the same pass. Figure 6 represents the range residual of the
satellite Starlette for the total number of data points and its
fitting with a polynomial of 4™ degree and standard deviation
equals 10.3 mm.

Table 2 represents the polynomial degree and the
corresponding standard deviation obtained by applying the
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Table 2: Polynomial degree and the corresponding standard deviation obtained by achieving best fit using Chebyshev Polynomial, Spline Technique, and Iterative 4™ order

polynomial fit for satellite LAGEOS-1.

Chebyshev Polynomial

Sample No. No. of data points

L

1 80128 7
2 55240 8
3 54020 7
4 53767 9
5 42712 5
6 45272 6
7 42152 8
8 41928 7
9 41110 7
10 40668 9
11 39640 8
12 37593 10
13 35770 7
14 35424 8
15 33754 6
16 33280 7
17 31528 7
18 31290 7
19 28154 9
20 27162 10
21 24290 9
22 24423 6
23 22890 7
24 22311 6
25 22113 5
26 20590 7
27 20368 5
28 19665 7
29 18720 5
30 17744 8
31 14970 6
32 12194 4
33 12042 3
34 10280 7
35 9140 7
36 7305 7
37 6349 6
38 5615 7
39 5472 7
40 5388 5
41 5256 7
42 5072 4
43 4758 4
44 4000 4
45 3441 5
46 3426 8
47 1630 5
48 700 4
49 483 7
50 404 3
Average 7

three techniques on 50 passes of the LAGEOS-1 satellite that
were observed during the first quarter of 2018. For comparative
purposes, the average of polynomial degree and standard
deviation for the three techniques are calculated as represented
in table 2. The results obtained show that the Spline technique
allows for using a lower polynomial degree for fitting a large
number of data points, in comparison with the results obtained

Iterative 4th Order Fit

Spline Technique

SD (mm) L SD (mm) L SD (mm)
0.19 4 0.0002 4 10.3
0.52 4 0.0003 4 10.0
0.35 4 0.1 4 10.4
0.09 4 0.11 4 10.7
0.001 3 0.0002 4 11.1
0.04 3 0.0002 4 10.1
0.92 4 0.009 4 10.5
0.37 3 0.0002 4 10.1

10 4 0.14 4 11.4
0.32 4 0.03 4 9.1
3.22 4 1.05 4 10.7
0.098 4 0.02 4 10.9
22.3 4 0.0006 4 7.5
1.17 3 0.99 4 7.9
1.21 3 0.02 4 10.2
3.17 4 0.02 4 7.8
1.17 4 0.02 4 10.8
25.5 4 0.01 4 9.8
0.54 4 0.01 4 8.1

8.3 5 0.01 4 10.4
0.08 4 0.007 4 8.7
0.03 3 0.46 4 8.3
0.43 3 0.0007 4 10.1
0.07 3 0.0004 4 11.1
0.002 3 0.008 4 10.3
0.04 3 0.02 4 9.9
0.01 3 0.03 4 9.7
0.66 4 0.02 4 8.1
0.03 4 0.0001 4 10.7
0.26 4 2.63 4 11.0
2.48 4 0.03 4 10.6

0.0003 3 0.0001 4 10.5
0.0001 3 0.0001 4 10.2
0.01 4 0.45 4 10.4
0.04 4 0.003 4 10.6

0.6 4 0.07 4 10.7
0.06 3 0.004 4 10.7
0.39 3 0.19 4 10.2
0.05 4 0.0007 4 10.3
16.5 4 0.0005 4 10.6
1.69 5 0.003 4 6.3

0.0003 3 0.0006 4 9.3
0.69 3 0.0002 4 10.6
0.006 3 0.00007 4 8.1
0.02 3 0.005 4 10.6
0.16 4 0.15 4 10.6
0.29 3 3.06 4 9.6
0.009 3 0.0008 4 9.2
0.03 4 0.007 4 10.1
0.003 3 0.0001 4 11.1
2.08 4 0.19 4 9.92

using the other two techniques and still provides a better
standard deviation.

Conclusion

In a previous study, we applied the Chebyshev polynomial
and the spline technique for fitting the data observed from
the Helwan Satellite Laser Ranging (SLR) station [Hanna et
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B Range of satellite LAGEOS-1
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Figure 4: The range of satellite LAGEOS-1 with its best-fitting using Chebyshev

polynomial observed at 12/1/2018.
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al.,, 2004], and compared the results obtained; Polynomial
degree and corresponding standard deviation, with the results
obtained using the method employed at Helwan SLR station
for fitting the data. It is found that the Spline technique has
the preference over the other two techniques for fitting H-SLR
data. However, Changchun-SLR data is characterized by its very
large number of data points. So, the aim of this study is to figure
out which of the three techniques; the Chebyshev polynomial
or the spline technique, or the method used at Changchun
observatory namely; Iterative 4% order polynomial fit is more
proper for fitting the Changchun-SLR data. For this purpose,
the three techniques are applied to 100 samples; 50 passes for
satellite Starlette and 50 passes for satellite LAGEOS-1 that
were observed by Changchun observatory during the first
quarter of 2018. The polynomial degree and the corresponding
standard deviation using the three techniques are computed
and the results are summarized as a summary in Table 3. From
the obtained results, it is found that both the Spline technique
and Chebyshev polynomial provides better standard deviation,

®  Range of satellite LAGEOS-1 ®  Range of satellite LAGEOS-1 = Range of satellite LAGEDS1
# Best fitting using polynomial of degree 4 6560 # Best fitting using polynomial of degree 3 620 Best fitting using polynomial of degree 3
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654D
6750 4
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B520
E 6700 E‘ 8500 g 6360
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g 8 6480 %
6650 g o G340
& & s460 &
6600 6440 83207
6420 6300
6550 8400
T T T T T T T T T T T T T T 6280 T T T T T T T
305 Mo ns 3zo azs 324 326 328 330 332 334 336 338 30 342 340 342 4 M6 8 350 352 354
Time of observations UT at 11h+...min Time of observations UT at 11h+..min Time of observations UT at 11h+...min
B Range of satellite LAGEDS-1 ®  Range of satellite LAGEOS-1 ®  Range of satellite LAGEOS-1
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&190 6120 -
6260 - =
- 180 E 6100
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£ & 180 &
& 6240 & s160
4 6060
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6220 o
#1404 6040
6200 T T T T T T €130 T T T T T T 1 6020 — T T T T T 7T
B2 354 356 s 38.0 36.2 364 366 L s 68 aro vz T4 376 7.2 374 376 378 38.0 382 38.4 38.6 388 390 39.2 394 196
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E £ 51004
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Time of observations UT at 11h+..min Time of observations UT at 11h+...min

Figure 5: Best fitting using Spline Technique for SLR data of satellite LAGEOS-1 observed at 12/1/2018.

079

Citation: Samwel SW, Liang Z, Hanna YS, Roman AT, Han X, et al. (2022) Changchun SLR data analysis using different techniques. Ann Math Phys 5(2): 074-080.
DOI: https://dx.doi.org/10.17352/amp.000042



P PeertechzPublications

®  Mange Hesifush of Seilite LVGEDS 1
Fissng seing pelynomisl of degres 4

0.3 . . 50= 103 s

Range Residuals (0-C) (m)

32 3'3 4'13 44 48
Time of observations UT at 11h+...min

Figure 6: The range residuals of satellite Lageos-1 with its fitting using iterative 4th

order polynomial fit observed at 12/1/2018.

Table 3: The Polynomial degree and Standard Deviation as obtained from different
techniques under study for the SLR data as observed for LAGEOS-1 and Starlette
satellites of Changchun observatory during the first quarter of 2018.
LAGEOS 1
Satellite

STARLETTE
Satellite
SD (mm)

Analysis Tech

SD (mm) L

Iterative fitting with 4" order polynomials

4 9.92 4 7.99

(Changchun SLR Station Tech.)
Chebyshev polynomial 7 2.08 5 1.5
Spline Technique 4 0.19 3 0.3

in comparison to the Iterative 4™ order polynomial fit that is
already used at the Changchun observatory. In addition, the
Spline technique has the advantage of using lower polynomial
degrees to reach a better standard deviation than both
Chebyshev polynomial and the Iterative 4™ Order polynomial Fit
and still provide a better standard deviation with a difference
of about one order of magnitude, on average.

For more investigation, we compared our results with that
reported on the website of the International Laser Ranging
Service (ILRS) for satellites Lageos1 and Starlette observed by
Changchun observatory for the first quarter of 2018 https://
ilrs.gsfc.nasa.gov/network/system_ performance/global__
report_ cards/1997-2019/perf_2018q1_wLLR.html and fitted
using the Iterative 4™ order polynomial Fit technique. The
standard deviation is 9.6 mm and 7.8 mm for the satellites
LAGEOS-1 and Starlette respectively, which approves that
both the Chebyshev polynomial and Spline techniques can be
better choices for fitting such large amount of data points as
Changchun-SLR data, with the merit of Spline technique over
the Chebyshev polynomial.
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