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The article constructs a unique solution to a tertiary-order equation with multiple characteristics with boundary conditions that include all possible local boundary
conditions. The uniqueness of the solution of boundary value problems is proved by the method of integral equations using the sign-definiteness of quadratic forms. When
proving the existence of a solution to the problem, Green's function method, the theory of integral equations and potentials are used.
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Introduction

In recent years, the desire for mathematical justification
of natural phenomena is connected with the study of
their mathematical models. For example, the compilation
of mathematical models of wave propagation with large
amplitudes, tsunami propagation in the oceans, nonlinear
wave propagation in shallow waters, hydro-magnetic
wave propagation in a cold plasma and acoustic waves in
anharmonic crystals is connected with linear and nonlinear
equations of odd order [1-6]. Therefore, the study of an odd-
order equation with different boundary conditions is one of
the urgent problems. Since the third-order equation describes
the propagation of non-standard waves in various media, it is
precisely here that a study is required to study the asymptotic
properties of solutions to these equations. One of the methods

of such research is the Saint-Venant principle, which occupies
a special place in the theory of elasticity [7-12]. To investigate
the asymptotic properties of solutions to boundary value
problems using the Saint-Venant principle, it is necessary that
a solution to this problem be constructed in a bounded domain.
Therefore, the problem under consideration in the proposed
article is relevant.

Formulation of the problem and main results

The purpose of this article is to study the equations
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In area Q= {(5,t) 0<x<1,0<t< T}. Equation (1)
is one of the representatives of the third-order equation with
multiple characteristics. It is known that the fundamental
solutions of Eq. (1) have the following form [13].
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Here C , C — integral constants in the positive and
negative parts of the axis Z respectively.

Functions f(Z) ,(Z)(Z) , f* (z) ,(p* (Z) is called the

Airy functions for which the relation
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In the domain () consider equation (1) with the boundary
condition:

u(x.0)=y1 (x), u(x.1) =y, (x), 0<x <1, “
4

oy ()u(0,¢)+a, (t)u,, (0,6) = (1) ,

”x(l’t):(”z(f)’ 0<¢t<T (5)
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Bi()u(Lt)+ By (¢)u, (L) + Bs () uy (L) = 05 (2)
-0Zt<T (6)

We note that we considered similar problems in [14,15] only
for third-order equations of a different form.

Theorem 1: Let the following conditions be satisfied

0!2 iO;ﬂ3¢0,2ﬁlﬂ3—ﬂ2220, % <0
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Then problem (1),-(4) does not have more than one solution in

the class U € C'3 2(Q) N 2’} Q)
Let problems (1), (4)-(6) have two solutions U (x:t),

Uy (x,t) . Then assuming V(x,t) =1 (x,l‘) —Uy (x,t) we

obtain the following homogeneous problem with respect to the

function V (x, t ) .
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Consider the identity
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Integrating by parts, we get
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Hence, by virtue of the conditions of the theorem, the
quadratic form

0(1)= 2 2 (Le)+ 2 (Lo)v (lt)+;v (L)

will be positive definite, i.e. quadratic form Q(z ) can be
written in the following form:

2 2(1,6)+ Z e (L)1) 2 (1) = A + Ay

) A«l>0yﬂ~2>0
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Here j’l and ZQ — roots of the characteristic polynomial
of a matrix of a quadratic form (). Then, by virtue of the

conditions of the theorem we have y,(x #) = () in () and due

to the continuity of the function V(X,#) in ﬁ we get that
v(x,t) =( in 5

Theorem 2: Let the conditions of Theorem 1 be satisfied and
the following conditions

w1 (x), w5 (x) € C([0.1]); (0 e C'([0.T]);
P, (1), 03(1) e C([0,T])

Then problem (1) (4),-(6) has a unique solution in class
3,2 YA
ue Cx,t (Q) M Cx,t (Q)

The proof of Theorem 2, i.e. the existence theorem, the
solution of problem (1), (4)-(6) is carried out by Green's
function method using the theory of potentials of fundamental
solutions of equation (1) and on the basis of the theory of

the system of Fredholm integral equations of the second
kind.

Conclusions

Based on the research, the following conclusions can be
drawn:

- In the proposed method for studying boundary value
problems, we will apply all possible local boundary value
problems for equations (1), since the boundary condition
(5), (6) includes all possible boundary conditions;

- Based on the results of this work, one can study the
asymptotic properties of solutions to equation (1) in
the neighborhood of infinitely distant points of the
boundary and irregular points of the boundary;

- Based on the results of this work, it is now possible to
construct a solution to boundary value problems in
unbounded domains.
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