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Abstract

The concept of graph labeling was introduced in the mid-1960s by Rosa. In this paper, we introduce a notion of graceful labeling of a finite poset. We obtain graceful
labeling of some postes such as a chain, a fence, and a crown. In 2002 Thakare, Pawar, and Waphare introduced the “adjunct' operation of two lattices with respect to an
adjunct pair of elements. We obtain the graceful labeling of an adjunct sum of two chains with respect to an adjunct pair (0, 1).

AMS Subject Classification 2020: 06A05, 06A06, 05C78

Introduction

A graph labeling assigns integers to the vertices or edges (or both), subject to certain conditions. Interest in graph labeling
began in the mid-1960s with the conjecture by Kotzing - Ringel [1] and a paper by Rosa [2]. There are different types of
graph labeling such as prime labeling, magic labeling, antimagic labeling, graceful labeling [3], etc. Labeled graphs have wide
applications in different fields such as circuit design, traffic control systems, communication network addressing, Automated
Teller Machine (ATM) controlling devices, Local Area Network (LAN) network, radio astronomy, and Multiprotocol Label
Switching (MPLS) protocols see [4-7]. In this paper, we define graceful labeling of finite posets. We obtain in particular
graceful labeling of some posets like a chain, a fence, and a crown. Thakare, Pawar, and Waphare [8] introduced the “adjunct’
operation of two lattices with respect to a pair of elements. In this connection, We obtain the graceful labeling of an adjunct
sum of two chains concerning an adjunct pair (0, 1).

A non-empty set P, together with a binary relation that is reflexive, antisymmetric, and transitive is called a partially
ordered set or a Poset. A Hasse diagram is a type of mathematical diagram used to represent a finite partially ordered set.
Specifically, for a poset (P, <) each element of P represents a vertex in the plane, and whenever y covers x, it indicates that
x < y and there is no z such that x < z < y, which is represented by x<y. These curves (or lines) may cross each other but
must not touch any vertex other than endpoints; we call such curves (or lines) as edges. Two elements a, b € P are said to
be comparable if either a<b or b<a; otherwise they are said to be incomparable. A poset in which every pair of elements is
comparable is called a chain. A chain on n elements is denoted by C . In particular, see Figure 1 for C,,.

Definition 1 [9] A partially ordered set F,={x,,x,,...,x,} is called a fence (of order n = 3), ifeither x,<x,, X,>X,,, X, <X,
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) Xom > Xymss X <X, ifniseven ( x, >x, ifnisodd) or x,>x,, X,<Xy,, X, >X, , x, <X

2m

X, >x,, ifniseven ( x _ <x, if

ama’’ =

n is odd) are the only comparability relations. A fence F s called a lower fence if x, <x,, and upper fence if x, > x,. In particular,
see Figure 1 for F,and F,

Definition 2 [10] Acrownisaposet {X,,X,,..., XY, V5., Yo} 0forder n>2,whose elementssatisfy precisely the comparabilities
X<V, Vi>%,, X%V, Vo> X5, X3<Ys, Vi> X, Xoi <Vou, Yau>Xa, X, <Y,, ¥,>X,. The crown of order n is denoted by c, . In

particular, see Figure 1 for C, .

For other definitions, notation, and terminology, see [11-13]. In the following section, we introduce the notion of graceful
labeling of a poset.

2. Graceful labeling of posets
On the line of graceful labeling of graphs, we define graceful labeling of a finite poset as follows.

Definition 3 Let P be a poset on n elements with m coverings, X,,X,,...,X,. Let V = {x,,x,,...,x,} and E = {0,1,2,3,...,m}. If
¢:V — E Is a one-to-one function, then when each covering, say X, <X;, is given the label 14(x,)-(x,)|, the resulting cover labels

are unique numbers from the set E. This is known as the graceful labeling of P. A poset is called graceful if it has a graceful
labeling. For example, C,, F,and C, are graceful (Figure 2).

Theorem 2.1 A chain C is graceful for n>2.

Proof. Let C,:x, <x, <---<x, be a chain. Note that C contains n - 1 edges. LetV = {x,,x,,..,,x,} be the set of elements of C
and E={0, 1, 2, .., n-1}. Define amap 4:v — E as follows.

=1 ifiis odd
#x;) =
n—i, if i is even.
We claim that the map ¢ is the required graceful labeling of C . Firstly we prove that ¢ is one - one. One of the following

four cases occurs. ¢(x,)= #(x;) and both i and j are odd. But then %:% which implies thati =jand hence x;=x;.

#(x,)=¢(x;) and both i and j are even. But then n —%: n —% implies thati =j and hence x,=x;.

xrg

Figure 1: For C3. A chain on n elements is denoted by Cn. In particular.

(_*3 F, 4 (C4

Figure 2: A poset is called graceful if it has a graceful labeling.
019
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iis odd and jis even. Theni # jand X; #X; = #(x)#4(X;) . For if, suppose ¢(X,»)=¢(Xj)=>%=n—% = i-1=2n-j=i+j=2n+1
. This is not possible, since 1<i<n and 1<j<n,

iis even and j is odd. In this case, we get the proof on similar lines of Case (3). Thus, ¢ is one - one.

Secondly, we prove that the edge labels of C are all distinct. Now the edge label between the elements x, and x_, is given
by 14(x,..) - 4(x)]1 -

Suppose for i=j, l4(x,,)-a(x)|=I #(x;.,) - p(x)1. One of the following three cases occurs.

1. Bothiand jare odd. Then we have |n- (ﬂ) (_)| [n— (}+1) (} 1)| This implies that [n-il=In-jl and hence i = j,
which is a contradiction.

2. Bothiand j are even. Then we have |w (n-1y1=)U+D=1_,_Jy|. This implies that In-il=In-jI and hence i = j
which is a contradiction. 2 2 2

3. Without loss of generality, if i is even and j is odd, then we have |%7(n7%)|:|n7%7(%)| . This implies that
li-nl=In-j| and hence i = j, which is a contradiction. Hence the edge labels of C are distinct.

Therefore ¢ is required graceful labeling C .

Remark 1 Let C,:x,<x,<--<x,, be a chain where nx2. Define a function y:V(C,) - {0,1,2,...,n-1} as follows.

1.Ifnis odd
(n-1)-2=L], ifiiseven
B 2
l//(Xi)— .
%—1, ifiis odd.

2. If nis even
(n—1)—L”T‘iJ, ifiis odd
l//(xl-)= n—i

T_l’ if i is even.

Then V¥ is also a graceful labeling of C .

By the arguments similar to one given in the proof of Theorem 2.1, we obtain the proof of the following result, since, F, the
edge labels are the same as that of the chain C .

Corollary 2.2 A fence F is graceful forn = 3.

Note that, the graceful labeling of a chain on n elements and a fence on n elements are the same. Therefore, we have the
following.

Theorem 2.3 A crown c, is graceful if n is even.

Proof. Suppose the set of elements of crown ¢, is V ={x ,xz,...,xn,y],yz,...,yn}With 2n coverings
Xy =YX, =YX, <Yy Xy <Yy X < Ve X, <V 0 X, < Ve X, <Y, . Let E ={0,1,2,...,2n} . Define amap 4:7 — E as follows.

2n—(i-1), if 1<i<Z.

\9)

#(x)=i-1,if 1<j<n,and #07;) = "
2n—i, if§+1SiSn.

We claim that the map is a graceful labeling of C.. Firstly we prove that ¢ is one-one. One of the following five cases
occurs.

1. ¢(x)=¢(x;) and 1<i,j<n.Theni-1=j-1implies thati jand hence x, = x,

2. Suppose that #(y,)=¢(y;) and lﬁi,jég . Then 2n-(i-1)=2n-(j-1) implies thati - jand hencey, =y,
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3. that ¢(¥)=¢(¥;) and g+1gi,jgn .Then 2n - i =2n - j implies that i - j and hence y, = y.

4, 1sig% and x;#Y;. Then ¢(x,)=¢(y,) . For if, suppose #(x,)=¢(y,) implies that ;—1=2n-(i-1)=2i=2n+2=i=n+1 Which is
not possible.

5. g+1gign and x,=Y,. Then ¢(x,)=¢(y,) . Since, #(x,)=¢(y,) then j_1=2n—-i= 2i=2n+1, which is not possible.
Thus ¢ is one - one.

Secondly, we prove the edge labels of C, are all distinct. Consider the edge labels of C, for 1<i<n as l¢(x;)-¢(y,)|, for
2<i<n as lg(x,)-¢(y, )|, and l4(y,)-¢(x,)|. One of the following five cases occurs.

1. lﬁi,kﬁg and j=k .

Suppose [6(x.) - (¥ ) =1 g(x,) - (v, ) I=li—-1-(2n—(i-1)) =]k —1—(2n—(k -1)) || —2n+2i -2 |=| -2n+ 2k -2 | i =k
which is a contradiction. Now let %Jr 1<i,k<n and ik Suppose
l6(x) - () 1=19(x) - ¢y ) I2li-1-(2n-i)|=lk-1-(2n-k) =] -2n+2i~1|=|-2n+2k -1|=i=k which is a contradiction.

2. ZSi,kSg and izk.

Suppose

160) 909, D1=1906) 60y, i —1-@n— (-1 -1 =k -1-(n—(k-1) =l 2n+2i-31=] 2n+ 2k -3k i=k

which is a contradiction. Now let %+ 1<ik<n and i=k. Suppose
14(x.) - (v, ) =19(x,) - p(y, ) I=li-1-(2n—(i-1)) |=lk—1-(2n—(k—1) | -2n+2i— 2| =| -2n + 2k -2 | i =k Which is a contradiction.

. n
13135 and suppose |¢(x,)-g(y) =14(x,)-¢(y,) I=li-1-(2n-(i-1))|I=11-1-(2n-(n-1))I=l2i-2n-2]=]-n+1l= 2i=n+3 whichis
notpossible. Let 1 +1<i<n and suppose 14(x,)-¢(y)1=14(x,) - 4(y,) I=li-1-(2n-(@)|=11-1-(2n-(n)) I=|2i-2n-1]=| -nl=2i-1=3n

which is not possible.

. n
2=1=> and suppose

lo(x) - (v, ) N=19(x,) - 4(y,) I=li-1-2n-((-1)-1)=[1-1-(2n-(n)) [=li-1-2n+i-2|=|-n|= 2i-2n-3=n= 2i-3=3n whichisnot
possible. Let g+1$i3” and suppose [#(x;)-¢(y; ) =14(x,)-p(y,) =li-1-(2n-(-1))I=[1-1-(2n-n) |=|2i-2n-2|=|-nl=2i-2=3n
which is not possible.

lgisg and zsksg,suppose

|¢(xi)—¢(yi)|=|¢(xk)—¢(yk,1)I:Ii—l—(zn—(i—l))l:|k—1—(2n—((k—1)—1)Islzi—zn—z|:|2k—2n—3|:2i—2=2k—3:2i—2k:—1:>i—k=_71
which is not possible.

Here, the map ¢ gives the required graceful labeling of the Cx .

Theorem 2.4 A crown C, has no graceful labeling if n is odd.

Proof. Let C, be crown with the set of elements V=X, Xy X Y Vs s Vo b with  2n
Coverings Xy <V Xy < Vs X < Vos Xs < Yoy s Xy < Vi X < Yoy X < Vi Xy < Y, - Let E={0,1,2,...,2n}

Suppose C, has p - labeling as ¢:V—E. Taking the sum of edge labels of the crown C,. We have
0<(190¢) =gy 1+ 19(y,) = d(x ) 1+ 16(x,) = gy )+ +160x, ) = #(y, D1+ 1606,) = 60y, D+ 19(x,) = (v, ) 1+16(x,) = 6(y,)1)
<) 1) 1)1+ 18O T 1O T+ T g(y ) 1+ 4 1o (x, I+, DT+ To() T+ gy, D1+ ToG ) g ) T o) T gy, ) D =
2(1gO) [+ 10 1+ 4 T ) L+ 1 gy ) L Ly ) L+ L gy, ) D
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Therefore,

(1g(x) = Y ) 1 +19(y,) = dOO) 1+ 160x,) - gy, ) |+ +16(x, ) = 6y, I +16(x,) =6y, ) +1(x,) -6y, ) [ +14(x,) - 4(y,) ) =0( mod 2)
In the crown C,, edge labels are from 1 to 2n. So, the sum of edge labels of c, is

Z:kl =@= n(2n+1) which is odd. As n is odd, Zn+1 is odd, and therefore n(2n+1) must be odd. Therefore we get a

contradiction. Hence we conclude that C, has no graceful labeling, if n odd.
3. Adjunct sum of lattices

In 2002, Thakare, Pawar, and Waphare [8] introduced the concept of an adjunct sum of lattices.

Definition 4 [8] Suppose L, and L, are two disjoint lattices and (a,b) is a pair of elements in L, such that a<b and a < b, Define
the partial order < on L=L, L, with respect to the pair (a,b) as follows: x<y inLif x,yeL, and x<y inL,or x,yeL, and X<y
inL,,orxel, yeL, and x<a inL,or xcL,, yer, and b<y inL,

It is easy to see that L is a lattice containing L, and L, as sublattices. The procedure for obtaining L in this way is called
adjunct operation (or adjunct sum) of L with L,. We call the pair (a,b) as an adjunct pair and L as an adjunct of L, with L,
concerning the adjunct pair (a,b) and write L=L )L, . A diagram of L is obtained by placing a diagram of L, and a diagram of L,
side by side in such a way that the largest element 1 of L, is at lower position than b and the least element 0 of L, is at the higher
position than a and then by adding the coverings <1, b> and <a, 0>, as shown in Figure I11. This gives | E(L)|=1 E(L,) |+ E(L,)|+2 .

The adjunct sum is often utilized to construct and analyze complex lattices from simpler, well-defined components while

retaining the essential properties of a lattice. To obtain graceful labeling for lattices formed by the adjunct sum of two chains,

m+n+1 _ m+n+1
5 +2, 5 +4,...,,m} and

m+n+1
1

we construct the following sets. Let A = {1,3,5,...,m-1},m=>3, B'={2,4,6,..., ,B"=1{

m+n+172},F,,={m+n+1’m+n+1
2 2
Theorem 3.1 Let C and C’ be the chains with |Cl=m> 3, |C’'|=n>1 and L=CI,C’. Then L has graceful labeling if m = 2(mod

4) andn 1(mod 4).

B=B'uUB". AlSO, let D:{1;3;5)”')“})“2111:',:{2)4)6y~~~) +27~~~)n71}, and F=F UF".

Proof. Let Cand C' be the chains with m and n elements, respectively. Suppose m = 2(mod 4) and n 1(mod 4) and. Suppose
C=a,<a,<a,..<a, C'=b<b,<b,..<b, and L=CLC" Clearly, L has m+n elements and m+n coverings (edges). Suppose V =

{a,a,,a,,...,a,,b,b,,b,...,b;} and E={0, 1, 2, ..., m+n} . Consider a map ¢:V — E defined as follows :

b b

Figure 3: A diagram of L is obtained by placing a diagram of L1 and a diagram of L2.

022
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-1 if icA
2
#(a;)= m+n{%J if ieB
m+n—i if ieB”
2
m+n-j if jeD
2
#(b,)= %ﬂ‘l if  jeF
m+n2+)+1 i jer

We claim that the map ¢ is the required graceful labeling for lattice L. Firstly we prove that ¢ is one - one. For this

purpose, we consider the following sets. Let S, ={qlicA},S;={4ieB} S5={4;|ieB"}andS,=5,S;. Also, let

=ib;|jeDyTy=1b;|j<F}, Ty=ib;1jeF"} andT) =T{VT; . Leta, b € V.Now to show ¢ is one-one. For this proof, one of the

following five cases occurs dependingona, b €S, (k=1,2)andq b €T, (k=1, 2):

1) Suppose g, b€ S, (k=1, 2).
a) Suppose a, b € S.. Therefore a = a,and b = a, for i, j € A. Consider ¢(a)=¢(b) i.e. 9(a)=4(a)). :@Jj—;) for i j € A.
=i=j =a=q;iea=>h.
b) Leta, b €S,, here we have three parts.
L. Supposea, b€ S’, Thereforea=a,and b=a;for i,j< B'. Consider #Ha)=¢(b) j.e. #(a)=¢(a;), >m+n ‘L%J =m+n _LL;)J
for ije. =L D)= UD) Sizjugzq iea=b
j

II. Suppose a, b € S"Z. Therefore a = a, and b = a, for i,jeB". Consider g(a)=¢(b) ie. ¢(a)=4(a;)), m+”*%= m+n- >
=i=j=a=a; ie.a=b.
IIl. Without loss of generality suppose thata € S’,and b € S, Therefore a = a,and b = g, for i<B’ andj € B". Claim: If a=b

then ¢(a) = ¢(b) . Suppose a=b . Forif suppose ¢(a)=g¢(b) i.e.#(a)=¢(a;). Therefore m+n-— L(l I)J m+n- L(l 1)J J

. Which is not possible, since L%k% for jcB and jeB".Thus, #(@)#4(a;) ie. ¢(a)=¢(b).

¢) Without loss of generality suppose that a € S, and b € §’,, then we have the following two cases.

I.Leta € S, and b € 5, Therefore a = a,and b = q, for i A and jeB" Claim: a=b then ¢(a)#¢(b). Suppose a»b. For

if suppose g(a)=¢(b) i.e. #(a)=¢(a;). Therefore %—mm =L e m+n-—+L 1. Which is not possible, since

m+n+1

m+n>"1 +L ') asi<m-1 and j< . Thus, #(a)=¢(a;) ie. g(a)=g(b) -

Il. Leta € 51 and b € S”, Therefore a = a,and b = g, for i A and jeB”. Claim: If a»b then ¢(a)#¢(b). Suppose a=b

For, if suppose ¢(a)=¢(b) i.e. #(a,)=¢(q, ). Therefore %=m+n7%. i.e. i+j-1=2(m+n). Which is not possible since,

2(m+n)>i+j-1 as ism-1,j<n.Thus, ¢(a)=¢(a;) i.e. g(a)=4b).
2. Supposeab€T, (k=1,2)

a) Suppose a,b € T,. Therefore a = b, and b = b, for i, j € D. Suppose §(a)= ¢(b) i.e. #(b)=¢(b;). Therefore m+2n_¢ = m+2n—)

. ji:jjbi:bj i.e.a=b.

b) Suppose a,b € T,, here we have three parts.
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¢(bi):¢(b}.) :>m+n+i—1_m+n+j—1
' 2 h 2

L. Suppose a,b € T', Therefore a = b,and b = b fori j € F'. Consider #@=¢(b) j ¢

=i=j=b=b; i.e.a=Db.

IL. Suppose a,b € T”, Therefore a = b and b = b, for i, j € F". Suppose #(a)=¢(b) i.e. 9(b)=4(b). = m+n2+i+1 = m+n2+j+1

:>i=j:>bi=bj i.e.a=b.

IIl. Without loss of generality a € T, and b € T”, Therefore a = b, and b = b, for some i € F' and j F". Claim: a=b

then ¢(a)=¢(b). Suppose a=b For, if suppose ¢(a)=¢(b) i.e. #(b)=¢(b;). Therefore m+”2+i‘1:m+”;j+1_ ie

m+n+1

i—1=j+1=i=j+2.Which is not possible since j > i as i< -2, j=n-1. =¢(b)=¢(b)) ie. ¢(a)=¢(b).

¢ Withoutloss of generality, leta € T, and b € T, then we have the following two parts.

I. Supposea € T,and b T'Z. Therefore a=b and b = b]. for some i € Dandj € F'. Claim: If a=b then ¢(a)=¢(b) . Suppose

a=b For, if suppose ¢(a)=¢(b) i.e. gp(b)=¢(b,). = m+n-i_m+n+j-1 = -i=j-1 which is not possible since i D and
2 2

jeF . =¢(b)=¢(b)) ie. g(a)=4(b)-

Il. Suppose a € T, and b € T”,. Therefore a=b,and b = b, for some i € Dand j € F'. Claim: If a»b then ¢(a) #4(b) . Suppose

a=b. For, if suppose ¢(a)=¢(b) i.e. #(b)=4¢(b,). Therefore m +2n—i = m+"2+j+1 i.e. iz j+1, which is not possible since i
Dand jeF". =¢(b)=g(b,) ie §(a)=4(b).
3. LetaeS$, (k=12)andbeT, (k=1,2).
a) Suppose a € S,andb e T, Therefore a = a,and b = b]. for somei € Aandj € D. Claim: If a=b then ¢(a)=g¢(b) . Suppose
a=b For, if suppose ¢(a)=¢(b) i.e. #(a)=¢(b)). Therefore %:w =m+n=i+j-1 which is not possible since
m+n>i+j-1,since j<m_1 ,and j<n.Thus, #(a)=¢b;) i.e. g(a)=4b).

b) Suppose a € S, and b € T,, then we have the following two parts.

I. Suppose a € S, and b € T’, and. Therefore a = a,and b = b, for i € A and j € F'. Claim: If a+b then ¢(a)=4(b).

Suppose a=b . For, if suppose 4(a)=¢(b) i-e. 4(a)=¢(b,). - -1 _men+j-1 _ponog - j which is not possible since
2 2

m+n>i-j,since j<m-1 and jgm*m,z.Thus, #(a)=p(b;) i.e. g(a)=4(b)-
2
II. Supposea €S, andb e T”, Thereforea=a,andb=b fori€ Aandj € F".Claim:If a»b then g(a) = 4(b) . Suppose a=b

For, if suppose ¢(a)=g¢(b) i.e. g(a)=¢(b)). = -1 _men+j+1 mop =i-j which is not possible since m+n>i-j-2,
2 2
asizm-1and j<n-1.=¢(a)=4¢(b,) Le. 4(a)=4(b).
c) Supposea € S,and b € T,and then we have the following parts.

I. Supposea € S’,and b € T',. Thereforea=a,and b = b]. for somei B’andj € F’. Claim: If g=p then g(a) = 4(b) . Suppose

azb. For, if suppose ¢(a)=¢(b) i.e. 4(a)=4¢(b;). Therefore m+n_L(i;1)j:m*”2*j_1. 32(m+n)—2(|_(i;1)J):m+n+j—1

m+n+1 <m+n+1

. :>m+n:j+2(L%J)71 which is not possible since, m+n>jf(L%J)71 since, i< and j . Thus
#(a)=4(b;) i.e. g(a)=p(b)-

II. Suppose a € S’,and b € T”, Therefore a = a,and b = b, for i € B’and j F' Claim: If q.p then ¢(a)#¢(b). Suppose
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azb. For, if suppose ga)=g(p) i-e.#(a)=4(b;). :>m+n_L(i;1)J:m+”2+j+1 . :>2(m+n)—2(L(i;21)J):m+n+j—1-
m+n=j+2(L%J)+1 which is not possible Since, ieB' and je F'. = ¢(a,) = 4(b;) i.e. ¢(a)=¢(b).
IIL. Suppose a € S”, and b € T’,. Therefore a = a,and b = bj fori € B” and j € F'. Claim: If a=b then ¢(a) = ¢(b) . Suppose

a=b For,if suppose g(a)=¢(b) i.e. #(a,)=¢(b;). Therefore m+n —% =men+j-1 (m+n)=j+i-1 whichis not possible
2
since, ieB" and je F'. Thus, ¢(a,)#¢(b;) i.e. g(a)=g(b) -
IV. Suppose a € S”,and b € T”,. Thereforea=a,and b= b fori B”andj € F”. Claim: If a» b then ¢(a)#4(b) . Suppose a=b

.For, if suppose ¢(a)=¢(b) i.e. ¢(a)=¢(b,) Therefore m+n _% = %ﬂﬂ . =(m+n)=j+i+1 which is not possible since
i B"andj € F". = ¢(a) = 4(b,) i.e. ¢(a) = ¢(b) . Hence ¢ is one - one function.

Secondly to show edge labels of L are distinct. We have edge labels of L are
l4(a)-¢(a,,)l=m+n-(@i-1) for 1<i<m-2.

l¢(a,)-¢(a,,)|=m+n-(i) for j=m-1.

lg(b))-¢(b; ) =] for 1<j<n-1.

(m+n-1)

|¢(a,)7¢(b1)|= fOI‘ i:jzl.
l¢(a,)-4(b)I=n fori=m and j = n. From the above labeling pattern, it is observed that the edge labels of L are distinct.
Thus, lattice L has graceful labeling.

Using proof of theorem 4.1, one can obtain the proof of the following theorems.

Theorem 3.2 Let Cand C' are chains with |C|=m> 3and |C'|=n>1 and [ =C).C’. Then L has graceful labeling if m = 3(mod
4) and n = 1(mod 4).

Proof. Let C and C’ be the chains with m and n elements, respectively. Suppose m = 3(mod 4) and n = 1(mod 4). Suppose

C=a,=a,<a,...<qa,, C'=b,<b,<b,...<b, and L=C]C . Clearly, L has m+n elements and m+n coverings (edges). Suppose V =

{a,,a,,a,,...,a,,b,b,,b,,...,b,} and E={0, 1, 2, ..., m+n}. Consider amap 4:v — E defined as follows :

if i=1,3,5,...,m

i— . . +
#a)=sm+n- 1 if 1:2,4,6,...,m n
2 2
i . . m+n m+n
m+n-— if i= +2, +4...,m-1
2 2
m+n+j-1 s . m+n
— 7 - if =1,3,5,... -1
2 J 12y ) 2
_|m+n+j+1 . ._m+n _ m+n
#(b;)= — if  j= 5 +1, 5 +3,..,N
m+2”‘1 if  j=2,4,6,.,n-1

Clearly ¢ gives the required graceful labeling for L.

Theorem 3.3 Let C and C’ are chains with |Cl=m=> 3 and |¢'|=n>1 and .= c],c’. Then L has graceful labeling if m = 1(mod
4) and n = 2(mod 4).
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Proof. Let C and C’ be the chains with m and n elements, respectively. Suppose m = 1(mod 4) and n = 3(mod 4). Suppose

C=a,<a,<a,..<qa,, C

{a,a,,a,,..

#(a,)=

m+n-j
2

#b)= T

m+n+j+1

2

G,,b,b,,b,..

m+n+j-1

'=b,<b,<b,...<b, and L=CJ]C’ . Clearly, L has m+n elements and m+n coverings (edges). Suppose V =

,b,} andE={0,1, 2, ..., m+n}. Consider amap ¢:V — E defined as follows:

if i:1,3,5,...,m

. . m+n+1
if i=2,4,6,...,
2
. ._m+n+1 _ m+n+1
if = > +2, 5 +4y...,m-1

if  j=1,3,5,...,,n-1

. . m+n+1
if  j=2,4,6,..., -2
2
i .:m+n+1’m+n+1+2’m’n
2 2

Clearly ¢ gives the required graceful labeling for L.

Theorem 3.4 Let C and C’ are chains with |C|=m> 3 and |C'|=n>1 and L=C].C'. Then L has graceful labeling if m = 2(mod

4) and n = 2(mod 4).

Proof. Let C and C’ be the chains with m and n elements, respectively. Suppose m = 2(mod 4) and n = 2(mod 4). Suppose

C=a,<a,<a,...<a,, C'=b <b,<b,...<b, and L=CJ;C'. Here, L has m+n elements and m+n coverings (edges). Suppose V =

{a,a,,a,,...,a,,b,b,,b

i-1
2

i—

#(a,)= m+n{—

m+n+j-1
2
m+n+j+1
#(b,)= f)
m+n-j
2

miP11Y2 V3

,b,3 andE={0,1,2, .., m+n}. Consider amap ¢:V — E defined as follows :

if i:ly3y5y---)m_1
m+n
2

m+n
T2

if i:2y416y---v

. . m+n
if i=

+2

+4,...,m

if  j=1,3,5,..,m-1

. ._m+n _ m+n
if  j= +1

2 T2

+3,..,n-1

if  j=2,4,6,...,n

Clearly ¢ gives the required graceful labeling for L.

Theorem 3.5 Let C and C’ are chains with |C|=m> 3 and |C'|=n>1 and L=C],C". Then L has graceful labeling if m = 0(mod

4) and n = 3(mod 4).

Proof. Let C and C’ be the chains with m and n elements, respectively. Suppose m = 0(mod 4) and n = 4(mod 4). Suppose

C=a,=a,<a,..<a,, C

{a,a,,a,,...,a,,b,b,,b

miP11Y2 V3

=b,<b, <b,...<b, and L=CJ:C'. Clearly, L has m+n elements and m+n coverings (edges). Suppose V =

,b,} andE={0,1, 2, ..., m+n}. Consider amap ¢:V —E defined as follows:
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i-1
2

#a)=

i
m+n-(=-1
G-

if

i
m+n-—
2

m+n-j
2
m+n+j-1
2
m+n+j+1
2

#(b,)=

if

Clearly ¢ gives the required graceful labeling for L.
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if i=1,3,5,..,m-1
. . m+n+1
if i=2,4,6,...,
2
_m+n+1 m+n+1
- 2 ) 2 +[H~--)m
if j:1)3)51~~)n
. . m+n+1
if  j=2,4,6,..,———=-2
2
.. m+n+1 m+n+1
T "42,..,n-1
2 2

Theorem 3.6 Let C and C’ are chains with |Cl=m> 3 and |C’'|=n>1 and L=C],C’. Then L has graceful labeling if m = 1(mod

4) and n = 3(mod 4).

Proof. Let C and C’ be the chains with m and n elements, respectively. Suppose m = 1(mod 4) and n = 3(mod 4). Suppose

C=a,<a,<a,..<aq,, C'=b,<b,<b,...<b, and L=c],c’. Here, L has m+n elements and m+n coverings (edges). Suppose V =

{a,a,,a,,...,a,,b,b,,b

i-1
2

#(a,)=

i
m+n—(=-1
-

if

i
m+n-—
2

m+n+j-1
2

m+n+j+1
2

m+n-j
2

#(b))= if

if

if i=1,3,5,...,m
. m+n
1:2)4v6y---v 2
._m+n m+n
1= +2,——+4,....m-1
2 ) 2 ) )
. m+n
]=1,3,5,..., > -1
. m+n m+n
= +1 +3,...,N
.} 2 ) 2 3) )
if  j=2,4,6,...,n-1

Clearly ¢ gives the required graceful labeling for L.

wbub,,b,,..,b} and E={0,1,2, ..., m+n}. Consider amap ¢:V - E defined as follows :

Theorem 3.7 Let C and C' are chains with |C|=m> 3 and |C'|=n>1 and L=C],C’. Then L has graceful labeling if m = 0(mod

4) and n = 0(mod 4).

Proof. Let C and C’ be the chains with m and n elements, respectively. Suppose m = 0(mod 4) and n = 0(mod 4). Suppose
C=a,<a,=a,..<a,, C'=b <b,<b,..<b and L=CJC’'. L has m+n elements and m+n coverings (edges). Suppose V =

b,,b,,b

{a,,a,,a,,...,a,,b,b,,b,,...,b,} and E={0, 1, 2, ..., m+n}. Consider amap 4:v — E defined as follows :

i-1

- if i=1,3,5,..,m-1
i . . m+n
#(a;)= m+n—(§—1) if  i=2,4,6,.., *
min-L if i:m+n+2,m+n+4,...,m
2 2
m+n+j—1 e m+n
_ fj;j=1,3,..5, -1
2 1 ,] bl bl 2
_m+n+j+1 o._mtn m+n _
¢(bj) — if j > +1’72 +3,...,n—1
’"*”f”” if j=2,4,6,....n

027
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Clearly ¢ gives the required graceful labeling for L.

Theorem 3.8 Let C and C’ are chains with |Cl=m> 3 and |C'|=n>1 and L =C],C". Then L has graceful labeling if m = 3(mod
4) and n = 0(mod 4).

Proof. Let C and C’ be the chains with m and n elements, respectively. Suppose m = 3(mod 4) and 0 1(mod 4). Suppose
C=a,<a,<a,...<qa,, C'=b <b,<b,...<b, and L=CJC'. Here, L has m+n elements and m+n coverings (edges). Suppose V =

{a,,a,,a,,...,a,,b,b,,b,,. ,b} and E={0, 1, 2, ..., m+n}. Consider amap ¢:V — E defined as follows :

myP11Y2 Y3

i-1 ifi=1.3.5....m

2
dla)=m+n-(5-1) ifi:2,4,6,...,%””
m+n—% ifi:m+2n+1+2,m+2n+1+4,...,m—1
% if j=1,3,...5,m
_|m+n+j-1 ... m+n+1
b.)y=—-++— if j=2,46,....——— =2
#(;) 5 if j=2,4,6,....—
m+n+j+1 ifj=m+n+1,m+n+1+2,...,n
2 2 2

Clearly ¢ gives the required graceful labeling for L.
Conclusion

In this paper, we introduced graceful labeling for finite posets. We obtained graceful labeling of some finite posets such as
a chain, a fence, and a crown. Also, we obtained graceful labeling of an adjunct sum of two chains concerning an adjunct pair
(0,1). We raise the problem of finding graceful labeling of an adjunct sum of two chains concerning an adjunct pair (a,b) in
general. Further, the problem may be extended to the class of finite dismantlable lattices/posets also.
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